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    There has been some recent progress in the quantitative analysis in scanning transmission electron 
microscopy imaging owing to the work of LeBeau et al. [1]. They suggested that the good agreement 
between experimental and calculated images was a consequence of including the effects of thermal 
diffuse scattering (TDS) in the multislice method and the frozen phonon (FP) approximation. On the 
other hand, the Bloch wave method has produced many valuable results from dynamical calculations 
of transmission electron microscopy techniques. However, the Bloch wave method based on the FP or 
frozen lattice (FL) approximation is considered to be difficult even with current computational 
resources and algorithms since it repeatedly executes eigenvalue operations for many different atomic 
configurations. In this study we present an extended Bloch wave method to calculate the effects of 
TDS in the FL approximation. We optimize the accuracy of the approximations of the extended method 
by performing a multi-objective optimization over several simulation parameters. 
    Figure 1 shows brief outlines of the conventional and extended methods for calculating the FL 
approximation, with the schematic diagram for the FL approximation on the left. In this model, the 
computational results are obtained by averaging diffraction patterns simulated by different FL 
configurations. If this approximation is executed by the conventional method, it is necessary to 
numerically repeat the eigenvalue operation at each slice for each of the different atomic 
displacements caused by thermal vibrations (see the centre of Fig. 1). To overcome this difficulty, we 
extended the conventional method by combining it with the classical scattering matrix method. By 
separating the crystal potential into two parts, one associated with the thermal equilibrium positions 
and the other with the deviations from thermal equilibrium, the wave functions in each slab are 
described by the equations given to the right side of Fig. 1. In this formula, the superscript ‘e’ denotes 
eigenvalues and eigenvectors obtained from the potential for the thermal equilibrium. The residual 
crystal potential (ΔA

(i)
) is expressed as a matrix exponential. Hence, because eigenvalues and 

eigenvectors are independent of the atomic vibration in the FL approximation, only one eigenvalue 
operation is required per incident partial wave. The convergent beam electron diffraction (CBED) 
patterns simulated by each method are displayed in Fig. 1. The two methods are in good agreement. 
    The extended method is implemented to decrease the computing time. However, because new 
approximations are added, the number of simulation parameters increases. The main simulation 
parameters used in the extended method are the order of the Taylor expansion of the matrix 
exponential, the number of atomic and separate FL configurations, and the number of slices dividing 
each unit cell. Since these parameters affect the results in a complicated way, it is difficult to find an 
optimized combination of these parameters. For this reason, we use multi-objective optimization. The 
brief flowchart of the optimization is shown in Fig. 2. The object functions of the optimization were 
chosen as the indices estimated through comparing the results simulated by conventional and 
extended methods. We estimated the residual of the absolute intensity comparison as well as the 
residual of the comparison of the scaled intensity obtained by changing a gamma curve. In addition, to 
guide the optimization to minimize the computing time, we choose to search first those simulation 
parameters that quickly reject bad parameters. The 24 conditions for the input parameters were 
carefully arranged in the input variable space as an initial generation, which was then evolved to 20 
generations by the Multi-Objective Generic Algorithm (MOGA). 
    The optimized results are shown in Figs. 3(a) and 3(b). These results show that although ‘the 
number of slices in a unit cell’ and ‘the order of the Taylor expansion’ both need to set to be >1, it is 
not necessary to increase them indefinitely. Furthermore, the optimized simulation parameters were 
led by a multivariate analysis. The detailed CBED pattern simulated by the optimized simulation 
parameters is shown in Fig. 3(c). It is clear that the dynamical simulation based on the Bloch wave 
method can be extended to simulate the effect of TDS by the FL approximation. We also see that the 
optimized calculation does not waste computing time and that accuracy is guaranteed. 
 
1. L.M. LeBeau, S.D. Findlay, L.J. Allen and S. Stemmer, Phys. Rev. Lett. 100 (2008) 206101. 



60 

 
 

Figure 1. Schematic diagram of the dynamical simulation method for the FL approximation. Although a 

conventional Bloch wave method is performed by solving eigenvalue operation at each slice, the extended Bloch 
wave method requires that the eigenvalue operation is executed only once for each partial incident wave using 
the atomic positions of the thermal equilibrium configuration. Simulated CBED patterns are Si(111) of 150 nm 
thick. Accelerating voltage is 200 kV. 

 

 
 

Figure 2. Schematic diagram of the parameter optimization. The optimum input parameters which lead all object 

functions to the minimum values were searched by MOGA. 
 

 
 

Figure 3. Results of the parameter optimization. (a) displays the relationship between f1 and t, and (b) displays 
the relationship between f2 and t. The colors of each figure denote ‘the number of slices in a unit cell’ and ‘the 

order of the Taylor expansion.’ The CBED pattern simulated by the searched optimized condition and considering 
many forbidden reflections is displayed in (c). 

 
 

 


